ABSTRACT. We formulate a simplified set of generators for the quantum toroidal algebra of type A, based on which we introduce a finite Hopf algebra structure for the quantum algebra and realize it as a double algebra.
INTRODUCTION
The quantum toroidal algebras were first introduced via geometric realization in type A [GKV] and then through the McKay correspondence in the general ADE types [FJW] in terms of Drinfeld generators and relations. Their structures have been studied in various works [VV, H1] , and in particular the horizontal and vertical quantum affine subalgebras have played an important role in subsequent investigations. The quantum toroidal algebra can also be imbedded into the quantum Kac-Moody algebra [J3] , which has a Hopf algebra structure in terms of Drinfeld-Jimbo generators. It is natural to expect that the quantum toroidal algebras are also quantum groups in Drinfeld's sense [D1] , and the quantum group structure should naturally extend to that of quantum affine algebras.
In [H2, FJM1, FJM2, M1] , tensor products of modules of quantum toroidal algebras are studied in terms of Drinfeld-type (infinite) comultiplication (cf [DI, J2] ). These works also indicate more tensor products of modules could be constructed if there exists a finite type comultiplication. However, it has been a long-standing problem to find such a (finite) Hopf algebra structure for the quantum toroidal algebra. The difficulties might be due to the fact that the quantum toroidal algebras have complicated high degree Serre relations (see [M2] ).
Besides the Drinfeld-Jimbo presentation, Beck [B] has given a general formula for the Hopf algebra structure of the quantum affine algebra in terms of the universal R-matrix and the braid group action. Through Ding-Frenkel isomorphism [DF] the Hopf algebra structure was also given in terms of the L ± (z)-generators [FR2] . Recently in a different approach [JZ2] , the authors have computed the Hopf comultiplication of the two-parameter quantum affine algebras explicitly in terms of some simpler Drinfeld generators [D2] . The special case of the comultiplication formula gives the same (Drinfeld-Jimbo) Hopf algebra structure for the quantum affine algebras. The goal of this paper is to generalize this method to introduce a Hopf algebra structure for the quantum toroidal algebras of type A in terms of its Drinfeld generators. With this Hopf algebra structure, we show that quantum toroidal algebra is also a double quantum algebra.
As our comultiplication stems out of the usual Drinfeld-Jimbo comultiplication over the quantum affine algebra, it is compatible with the q-characters [FR1] . It would be interesting to generalize these structure to quantum toroidal algebras following [FR1, FM] .
Guay, Nakajima and Wendlandt [GNW] have recently given a Hopf algebra structure on the affine Yangian algebra Y ( g) in terms of the Drinfeld generators, which generalizes the comultiplication of the current algebra g [t] (see also [KT] for the Yangian Y (g)). Our result would induce a corresponding Hopf algebra structure for the double affine Yangian algebra DY ( g) in view of [GTL, GM] and generalizes the comultiplication of the loop algebra g[t, t −1 ].
The paper is organized as follows. In section 2, we review some basic results for the quantum affine algebra [JZ2] to prepare for later discussions. In section 4 we find a subset of Drinfeld generators for the quantum toroidal algebra U q (sl n+1 , tor) and we prove that this subset can replace the original set of generators. In section 5, we define the comutiplication ∆ on the generators of the algebra U 0 generated by the simpler set of generators, furthermore, we establish the Hopf algebra structure of the algebra U 0 . In section 6, we prove that the quantum toroidal algebra U 0 is characterized as a Drinfeld double D (B, B ′ ) with respect to a skew-dual paring.
QUANTUM AFFINE ALGEBRAS
In this section, we recall the Hopf algebra structure for quantum affine algebras. They are defined in general for the Kac-Moody case in terms of Chevalley generators by Drinfeld and Jimbo. Beck [B] also gave a formula of the comultiplication using the R-matrix. There is also another Hopf algebra structure defined on the completion algebra given by Drinfeld (cf. [J1] ) which will not be used in this paper. To prepare for later discussions, we recall the commultiplication formula for the Drinfeld generators given in [JZ2] for the two-parameter twisted quantum affine algebras.
Let A = (a ij ) i,j∈I be the generalized Cartan matrix of an affine Lie algebraĝ, where I = {0, 1, · · · , n}. Let I 0 = I\{0} be the index set of simple roots of the finite dimensional Lie algebra g. Let α 0 , · · · , α n be the simple roots ofĝ. Let d i be fixed positive coprime integers such that (d i a ij ) is a symmetric matrix and define q i = q d i . Let h be the Cartan subalgebra ofĝ, and h * be the dual Cartan subalgebra. The nondegenerate symmetric bilinear form ( , ) on h * satisfies that for all i, j ∈ I, (α i , α j ) = d i a ij , (δ, α i ) = (δ, δ) = 0, where δ is the canonical positive imaginary root.
Definition 2.1. The quantum affine algebra U q (ĝ) is the unital associative algebra generated by e j , f j , K ±1 j , (j ∈ I), γ ± 1 2 , D ±1 over C subject to the following relations: (X1) γ ± 1 2 are central;
(X2) For i, j ∈ I,
(X3) For i, j ∈ I,
(X4) For any i = j ∈ I, we have the quantum Serre relations:
ad l e i 1−a ij (e j ) = 0, ad r f i 1−a ij (f j ) = 0
where the left-adjoint action ad l e i and the right-adjoint action ad r f i are defined by
where
is a Hopf algebra with the comultiplication ∆, the counit ε and the antipode S defined below: for i ∈ I,
Quantum affine algebras also admit a Drinfeld realization [D1] which is analogue of the current algebra realization for affine Lie algebras.
Definition 2.3. [B, Da] The Drinfeld realization U q (ĝ) is an associative algebra generated by
are defined as below:
and Sym m 1 ,··· ,mn denotes the symmetrization with respect to the indices (m 1 , · · · , m n ).
We now choose a convenient set of generators to work. Consider the following elements of U q (ĝ): (2.12) which are assumed to satisfy relations (2.1) to (2.11) (except those involving a i (l)) for the indices allowed in the set of the generators.
Starting from the generators (2.12), we can inductively determine other generators as follows. First using (2.8) we have
Then x + 2 (∓1) and x − 2 (∓1) can be determined by the relation (2.6), and subsequently all other x + i (∓1) and x − i (∓1) are fixed. Using this idea, one can inductively prove the following result. In [JZ2] the result was proved for more general two-parameter quantum affine algebras.
Proposition 2.4. [JZ2] As associative algebras, the subalgebra generated by the elements in (2.12) is identical to U q (ĝ).
In the next section, we will give an independent new proof in a more general setting.
The following identities can be easily verified [J1] :
Let θ = α i h−1 + · · · + α i 2 + α i 1 be the maximum root and let
be the corresponding root vector in the Lie algebra g, which gives rise to a sequence:
where i k ∈ I and h is the Coxeter number. We call such a sequence a root chain to the maximum root. Clearly root chains of the maximum root are not unique.
With respect to such a root chain for the maximum root θ, we define the following numbers: for t = 2, . . . , h − 1
For example in type A, (2.19)-(2.20) read as follows for the root chain (2.18):
This theorem was proved [JZ2] for the two-parameter quantum affine algebra using the new generators, thus also shows the Drinfeld isomorphism for one-parameter case. In particular, the inverse isomorphism of Φ can be given as follows.
Theorem 2.6. [JZ2] Let 1 = i 1 , i 2 , . . . , i h−1 be a fixed root chain to the maximum root θ given in (2.18) . Then the following map Φ : U q (ĝ) −→ U q (ĝ) given below is an epimorphism, where for
We can now describe the Hopf structure of U q (ĝ) in terms of the simplified (Drinfeld) generators.
Similarly we also define x
As before, we fixed the root chain 1 = i 1 , i 2 , . . . , i h−1 to the maximum root θ given in (2.18). The comultiplication ∆ :
. We stressed that these formulas extend the action of the original Drinfeld-Jimbo comultiplication from the Chevelley generators to the Drinfeld's new generators. They are different from the (infinite) Hopf algebra structure given by Drinfeld (see [DF, J2, G] ).
Proposition 2.7. The algebra U q (ĝ) is a Hopf algebra with comultiplication ∆ (defined above), counit ε and antipode S given as follows: for i ∈ I ε(x
where the sums run over all sequences j = (j 1 , · · · , j l ) such that i 2 ≤ j 1 < · · · < j l ≤ i h−1 and
and for 1 t l − 1, p jt = q (α j t , α j t+1 ) . The constant a is given by
Theorem 2.8. The morphisms Φ and Ψ are two coalgebra homomorphisms:
Moreover Φ and Ψ are mutually inverse to each other.
Remark 2.9. This result essentially solves the problem proposed by Drinfeld [D1] and upgraded the algebra isomorphism into a Hopf algebra isomorphism between the Drinfeld-Jimbo definition and the Drinfeld realization. In viewing of [GM, GTL] this also provides a coproduct formula for the Yangian algebra associated to any simple Lie algebra. The main terms of the comultiplication formula were given for untwisted quantum affine algebras in [JKK, Th. 2.3] and for twisted quantum affine algebras in [JM, Th. 2.2] . As our comultiplication is determined by the usual Drinfeld-Jimbo comultiplication, it is compatible with the q-characters [FR1, FM] .
We now generalize the Hopf algebra structure to the quantum toroidal algebra. We focus on type A [GKV, VV] to show the idea, and our results are expected to hold for ADE types [FJW] and even for the two-parameter case [JZ1] . However, our construction seems not work for the quantum toroidal algebra associated to gl(1) (see [FJM3, MO] ).
Fix the integer n ≥ 1, and let q be a generic complex number and p ∈ C(q) * . The quantum toroidal algebra U q (sl n+1 , tor) is an associative algebra over C with generated
) and the relations:
i , a j (r), and q ±d i commute among each other, (3.1)
where φ i (r), and ϕ i (−r) (r ≥ 0) are defined by:
Here
is the Cartan matrix of type A
( 1) n , and b ij = δ i,j−1 − δ i,j+1 , i, j ∈ Z n+1 = I are the entries of the antisymmetric matrix associated to A
. Then τ induces the diagram automorphism for the derived quantum toroidal algebra U ′ q (sl n+1 , tor), the subalgebra without the generator q d 2 such that
The PBW theorem holds for U q (sl n+1 , tor) (which is directly checked by (3.1)-(3.9), see [M2] ):
where U q (n ± ) is generated by x ± i (k) (i ∈ I) respectively, and U 0 q (g) is the subalgebra generated by K ±1 i , γ ± 1 2 , q ±d 1 , q ±d 2 and a i (±ℓ) for i ∈ I, ℓ ∈ N.
SIMPLIFIED GENERATORS OF THE QUANTUM TOROIDAL
We first discuss a general method to extract a smaller set of generators for an associative algebra with generators and relations. We denote the free associative algebra generated by x i by x i . The ground field is assumed to be the field C(q). The following result gives a method to extract a smaller set of generators from a given associative algebra.
two quotient algebras of the free associative algebras with respective relations
Proof. We define the map Φ :
On the other hand, we define the map Ψ :
Then Ψ is also an algebra homomorphism.
Clearly ΨΦ(ẋ i ) = Ψ(x i ) =ẋ i , so ΨΦ = Id. As for the other direction, it is clear that ΦΨ(
We now consider {x i , y j } to the set of whole Drinfeld generators in the quantum toroidal algebra, and come up with a simplified set of generators {x i } in the following key definition.
Definition 4.2. The algebra U 0 is an associative algebra generated byẋ
(i ∈ I), q ±d 1 , q ±d 2 and γ ± 1 2 satisfying the following relations (4.1)-(4.11), i.e.
where ǫ = ± or ±1, A = (a ij ) the Cartan matrix of A
n , and
It is clear that U 0 is finitely generated with finitely many relations, and has much fewer generators and relations than Drinfeld's original form. We will show that U 0 provides an alternative realization of U q (sl n+1 , tor). Observe that U 0 has a Chevelley anti-involution ι :ẋ
and q → q −1 over the complex field. First we introduce the following elements in U 0 : (4.13) which are used to inductively generate higher degree elements using a spiral argument based on Lemma 4.1. As ι(ȧ 0 (±1)) =ȧ 0 (∓1) we often only check half of the relations. The following relations involving withȧ 0 (ǫ), ǫ = ±1 are clear.
Proposition 4.3. Using the above notations, we have the following relations compatible with the defining relations of the quantum toroidal algebra U q (sl n+1 , tor):
Here the compatibility means that the mapȧ
is a homomorphism. This meaning will be used repeatedly in the following.
Proof. Using the Chevalley anti-involution, we only need to show the relations for ǫ = 1 (viewed as + as superscript). (4.14)-(4.16) follow by direction computations.
Furthermore, for ǫ = ± or ±1 we havė
In fact, using the above notations and (4.17), we have the following lemma.
Lemma 4.4. One has that for ǫ = ±1
which are equivalent tȯ
Proposition 4.5. From the above constructions, we have the following relations, which are compatible to the defining relations of the quantum toroidal algebra U q (sl n+1 , tor).
Proof. By the Chevalley anti-involution, it is enough to show the relations for ǫ = 1. To check (4.21), note that [ẋ
, which is compatible with the defining relation (3.7). Similarly (4.22) follows from (4.13) and (4.6) via (4.19) and (4.21). (4.23) holds from direct calculations. Now we construct all degree-k elementsẋ ± 0 (k),ẋ ± 0 (−k),ȧ 0 (±k) involving with index i = 0 by induction on the degree as follows. For ǫ = ± or ±1, we denote that,
with multiplicity of i being m i . Then we obtain the following formulas betweenȧ 0 (±k) andφ 0 (k) andφ 0 (−k):
The following result can be directly checked, but we will give a general proof in Prop. 4.12.
Lemma 4.6. For ǫ = ± or ±1, one has that
Using these relations, we have the following result. 
Similarly by (4.21),
where we have used (4.33). It yields that [ẋ
So far we have shown thatẋ
in the algebra U 0 satisfy relations (3.1) to (3.9). Then we can use induction on the degree k to show thatẋ ± 0 (k),ȧ 0 (±k) are all in the algebra and satisfy the Drinfeld relations. To this end, suppose all degree-k (k n) elementsẋ ± 0 (ǫk),ȧ 0 (ǫk),ẋ ± i (0) for i ∈ I are in the algebra U 0 , and satisfy relations (3.1) to (3.9). Next we need to verify that all the elementsẋ ± 0 (ǫ(n+1)),ȧ 0 (ǫ(n+1)) for i ∈ I satisfy the relations (3.1) to (3.9). We need a couple of lemmas for this.
The following is clear.
Lemma 4.8. One has that
Proof. In fact, (4.37) can be obtained from (4.36) by the Chevally anti-involution ι. (4.36) follows from inductive hypothesis.
We turn to the following proposition.
Proposition 4.10. From the above constructions, we have the following relations for ǫ = ± or ±1, −n + 1 l 1 n − 1 and −n l 2 n,
Proof. We only check the case "+", the case "-" can be obtained similarly. (4.38), (4.39) and (4.40) hold directly from the constructions. To check (4.41), we have that by inductive hypothesis,
Repeatedly applyingȧ 0 (1) to brackets like [ẋ + 0 (m),ẋ + 0 (n) ] q 2 , we can prove (4.43)-(4.44). In order to check (4.45), we consider that for −n ≤ l 2 ≤ n,
For (4.46), one has that,
Proposition 4.11. The following relations hold for
Proof. By induction, it is enough to check the case of m = −1, other cases are similar.
[φ 0 (n + 1),ẋ
Now we convert the relations to those withȧ 0 (n + 1). First it is easily seen that,
Proposition 4.12. The following relations hold for ǫ = ± or ±1,
Proof. Note that (4.52) is similar to (4.51), so we only worry about (4.51). It follows from Proposition 4.11 that
For (4.53), it follows from (4.51)-(4.52) and (4.27) by inductive hypothesis that
From Proposition 4.10 and Proposition 4.12, we have checked that all elementsẋ ± 0 (ǫ(n + 1)), a 0 (ǫ(n + 1)) satisfy the defining relations (3.1) to (3.9). By induction it follows that all elementṡ x ± 0 (ǫk),ȧ 0 (ǫk) for k ∈ Z/{0} satisfy the defining relations (3.1)-(3.9) . In other words, the algebra U 0 contains a vertex subalgebra U q (ŝl 2 ) 0 .
Next we will show that the quantum toroidal algebra U 0 also contains a vertex subalgebra U q (ŝl 2 ) 1 . i.e. the subalgebra generated byẋ (1) (cf. Prop. 4.14). Moreover, we will also derive the relations between U q (ŝl 2 ) 0 and U q (ŝl 2 ) 1 .
For ǫ = ±1 or ±, we define thaṫ 
Lemma 4.13. It is easy to see that for
Proposition 4.14. From the above constructions, we have the following relations, which are compatible to the defining relations of the quantum toroidal algebra U q (sl n+1 , tor) for ǫ = ± or ±1.
Proof. Using the Chevalley anti-involution ι, we only check for the case of ǫ = +. (4.61) hold directly from the definitions. (4.62) follows from (4.56). (4.63) is clear which can be checked directly. (4.64) holds from (4.54) and (4.13) by using (4.6) and (4.10). (4.65)-(4.67) are easy, which can be verified similarly. Relation (4.68) is compatible with the defining relation (3.9). It follows from (4.54) that,
where we have used the Serre relation (4.10).
Similarly we can construct subalgebras U q (ŝl 2 ) i , i = 2, . . . , n and verify the interrelations among them. Therefore by induction on degree (cf. Lemma 4.1) we have proved the following result. Theorem 4.15. As associate algebras, U 0 ≃ U q (sl n+1 , tor).
Remark 4.16. The quantum toroidal algebra contains two subalgebras A 1 and A 2 isomorphic to the quantum affine algebra U q (ŝl n ). These two subalgebras are generated by similar type of generators.
It is easy to see that the subalgebra A 1 is isomorphic to the Drinfeld-Jimbo realization of the quantum affine algebra U q (ŝl n+1 ), and A 2 is isomorphic to its Drinfeld realization.
Denote by U 1 the subalgebra of U q (sl n+1 , tor) generated by x
(j ∈ I/{0}, i ∈ I), q d 1 , q d 2 and γ ± 1 2 satisfying the relations (3.1)-(3.9) , that is,
It is easy to see that U 1 and U 0 are isomorphic.
HOPF ALGEBRA STRUCTURE OF U q (sl n+1 , tor)
We show that there is a similar Hopf algebra structure on U q (sl n+1 , tor) extending the Hopf algebra structures from its vertical and horizontal quantum affine subalgebras, thus U q (sl n+1 , tor) becomes a quantum group in the sense of Drinfeld.
We begin with the notations. Denote Π 0 by the set of all real root vectors of toroidal Lie algebra (sl n+1 , tor) generated by simple roots beginning with α 0 , or all real roots supported at α 0 with multiplicity one. Note that Π 0 is a finite set, in fact, if one bounds the coefficients of any fixed simple root, then there are only finitely many such affine roots. For any real root α β0 ∈ Π 0 suppose α β0 obtained from the simple roots α 0 , α
We remark that the roots in Π 0 are in fact real roots of some affine Lie algebra in type A. In fact, the real roots α β0 ∈ Π 0 can always be written in three possible ways:
where k i = 2, · · · , n − 1 for i = 1, 2, 3. They respectively correspond to three cases of positive roots passing through a fixed simple root. For example, in type A 5 any root passing through α 2 are:
Therefore, Π 0 = Π 1 ∪ Π 2 ∪ Π 3 . Consider the real root system Π 0 by induction, except for the special cases of n = 1 and n = 2, the real root system Π 0 of the cases of n > 2 would degenerate to the case for n = 3, because Π i can be obtained by the same way for i = 1, 2, 3. Therefore, the proof of Proposition 5.5 below will be divided into three cases n = 1, n = 2 and n = 3.
Accordingly we define the quantum root vectors x − α β0
(1) and y + α β0
(−1) associated to the root α β0 as follows:
. We define the diagram automorphism σ of the quantum toroidal algebra U q (sl n+1 , tor) as follows: σ(i) = n + 1 − i for 1 i n. Note that for any α β0 ∈ Π 0 , and σ(α β0 ) ∈ Π 0 .
The following are easy consequences of (3.8) and (3.1).
Lemma 5.1. With the above notations, one gets that
In view of Theorem 4.15 we now define a comultiplication map ∆ : U q (sl n+1 , tor) −→ U q (sl n+1 , tor)⊗ U q (sl n+1 , tor) on the generators as follows.
Remark 5.3. We list the actions of ∆ on x − 0 (1) and x + 0 (−1) of U q (sl 2 , tor) as a special case.
Remark 5.4. By (4.12) and (4.13), we also have
(1)
By applying the automorphism τ we obtain the formulas for ∆(a i (k)) etc.
Proposition 5.5. Under the above map ∆, the quantum toroidal algebra U q (sl n+1 , tor) becomes a bialgebra.
Proof. The proof will be divided into three cases n = 1, n = 2 and n 3 of the quantum toroidal algebra U q (sl n+1 , tor).
(I) For the case of U q (sl 2 , tor), we focus on checking that
where the first and third item are killed for (4.5), and the second one is zero for (4.9), the last item vanishes for (4.6). Next, we further check that the action of ∆ keeps the relation (4.6).
[ ∆(x
On the other hand, it is easy to see that,
By direct computation using (3.8) and (3.5), the third and forth terms cancel each other, and the fifth term vanishes. As for the last term, we calculate by (3.5) and the Serre relations as follows.
Therefore, one has that [∆(x
Finally, we would like to check Serre relation
In fact, it follows from the constructions of ∆(x
(II) For the case of n = 2, similarly, it suffices to check that the relations involving x − 0 (1) and x + 0 (−1) hold. More precisely, we first verify that
0) and some items are killed by (4.6) directly:
where the terms cancel each other by Serre relations. Now we turn to [ ∆(x
, the left-hand side can be computed by Serre relations and (5.7)-(5.8).
[
where we have used the following two relations (which can be easily checked by Serre relations):
Next we need to verify that
It goes as follows.
By direct computation using (3.8) and (3.5) similar to Case (I), the last four terms are killed due to the Serre relations. We take one term as an example,
Hence we have proved that [ ∆(x
(III) We use induction for the case of n 3. By inductive hypothesis, the proof can be reduced to that of n = 3. In fact, note that (5.7) can be written as 5.12) where the root αβ 0 runs through the Π 0 of the affine subalgebra sl I\i k (i k = 0), which has one fewer vertex in its set of simple roots. Similarly (5.8) can also be written in the same inductive manner. Therefore one can use the inductive hypothesis to reduce the comultiplication formula to that of n = 3. We look at the formulas for n = 3 in details as follows.
We need to check that for
where the terms marked by the same roman letters are cancelled with each other, for example, terms (c1), (c2) and (c3) sum up to zero. The cancellations are based on the following relations: To give the complete Hopf algebra structure, we introduce some notations. For any real root α β0 ∈ Π 0 , suppose α β0 obtained from the simple roots α 0 , α i 1 , · · · , α i k , where
, where v i j are defined as the above. The following result is directly computed by the comultiplication and definition.
Proposition 5.6. The quantum toridal algebra U q (sl n+1 , tor) is a Hopf algebra with the comultiplication ∆ given in (5.5)-(5.8), the counit ε and the antipode S defined below. For i ∈ I.
(1)γ
(0).
DOUBLE QUANTUM TOROIDAL ALGEBRA
We give the Drinfeld double structure for the quantum toroidal algebra in this section. 
for all a, a 1 , a 2 ∈ A and b, b 1 , b 2 ∈ B, where ε A , ε B denote the counites of A, B, respectively, and ∆ A , ∆ B are the respective comultiplications.
In [G] , Grossé defined a weak Hopf pairing for the quantum affine algebras within a much larger topological Hopf algebra. It was not clear if the formulas there are closed on the quantum affine algebras. Our Hopf pairing is for the quantum toroidal algebra and closed on the subalgebra of the quantum affine algebra.
A direct consequence of the definition is that
where S B , S A denote the antipodes of B and A, respectively.
Definition 6.2. For any two skew-paired Hopf algebras A and B (see [KS] ) by , , there exits a Drinfeld quantum double D(A, B) which is a Hopf algebra whose underlying coalgebra is A ⊗ B with the tensor product coalgebra structure, and its algebra structure is defined by
for a, a ′ ∈ A and b, b ′ ∈ B, and whose antipode S is given by
Definition 6.3. A bilinear form , : U × A −→ K is called a skew-dual pairing of two Hopf algebras U and A, if , : U cop × A −→ C(q ±1 ) is a Hopf dual pairing of A and U cop , where U cop is the Hopf algebra having the opposite comultiplication to U, and if S U is invertible, then Proof. The uniqueness assertion is clear, as any skew-dual pairing of bialgebras is determined by the values on the generators. We proceed to prove the existence of the Hopf pairing. The pairing defined on generators as (6.1)-(6.9) can be extended to a bilinear form on B ′ × B such that the defining properties in Definition 6.2 hold. We will verify that the relations in B and B ′ are preserved, ensuring that the form is well-defined and is a skew-dual pairing of B and B ′ .
At first, it is straightforward to check that the bilinear form preserves relation (3.1) for K (j ∈ I) and γ ± 1 2 , then (2.2) will just be a scalar multiple of one of the quantities we have already calculated, and then it will be zero.
Analogous calculations show that the relations in B ′ are preserved.
The following can be proved similarly as [BGH] .
Theorem 6.5. D (B, B ′ ) is isomorphic to U q (sl n+1 , tor) as a Hopf algebra. Remark 6.6. Using the Hopf double structure, one can show the existence of a universal R-matrix for the Hopf algebra U = U q (sl n+1 , tor). The universal R-matrix [D1] for the Hopf algebra U is an invertible element R of U ⊗U satisfying the conditions ∆(x) = R∆(x)R −1 , ∀x ∈ U, (∆ ⊗ id)R = R 13 R 23 , (id ⊗ ∆)R = R 13 R 12 .
where ∆ = ∆ op is the opposite comultiplication in U . In this case U is a quantum double of a Hopf algebra U + , U ≃ U + ⊗ U − , U − being dual to U + with an opposite comultiplication, then U admits a canonical presentation of the universal R-matrix R = e i ⊗ f i , where e i and f i are dual bases of U + and U − . 
